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twistor theory twistor $t1\iota et^{-}\rangle$ $ry$
twistor theor.’
(
}) twistor $t$ heorist
1. quarternionic manifold $\grave{f}$ twistor space
quarternionic manifold twistor $s_{I-}$) $a(:e$ ahnost
complex structure (
)
(S.Salamon [14], L.B\’erard Bergery [3]). $4n$. $(n\geq 2)$ $c\infty$ $X$ quar-
ternionic manifold End$(TX)$ rank 3 subbundle $\mathfrak{B}$ torsion
affine connection $\mathfrak{B}$ $x\in X$
$\mathfrak{B}|U_{x}$ frame field $I_{x},$ $J_{x},$ $K_{x}$ $I_{J^{\backslash }}^{2}=J_{x}^{2}=K_{x}^{2}=-$ Id ,
$I_{x}J_{x}=-J_{x}I_{x}=\Lambda_{x}’$
$\{I_{x)}J_{x}, I\iota_{x}’\}$ ort $l\iota onc$) $rmal$ basis B. rnetric
( $:r$ ) $\eta=1$
$I_{x},$ $J_{x)}K_{x}$ orientation torsion free
Connection
$n=1$
. 4 $c\infty$ $X$ quarternionic manifold $X$ $orientati_{0\Gamma 1}$
Weyl tensor $a\iota lti$-seli-dual
$n=1$ ( quarternionic manifold
) MF.Atiyah-N.J.Hitchin-I M.Singer [2] Weyl tensor 2-form
Hodge star operator ’ metric
quarternionic manifold $X$ unit sphere bundle $Z$ alrnost
complex structure $0$ twistor space
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$Z$ $p$ $x=\pi(p)$ tangent space $T_{t}X$ almost complex $str\iota x$(:ture
( $p=aI_{x}+bJ_{x}+cK_{x}(a^{2}+b’\underline{)}+c’\underline{)}=1)$ $p^{2}=-Id$
) $P$ tangent space $T_{p}Z$ connection
T $Z\cong T_{p}F\oplus\pi^{4}T_{x}X$
( $T_{p}F$ tangent space along the fiber ) $\pi^{2}T_{x}X$ $p$
almost complex structure $T_{p}F$ er Riemann
almost complex struture $T_{p}Z$ alrnost coinplex struture $2_{p}$
( $n=1$ [2], $7l\geq 2$ [14, $3|$ ). $quat\cdot terni_{oI1}i(lI\downarrow atllAfo[(J-1^{r}\vee\gamma_{)tv^{r}i_{\ltimes}\backslash f\circ\iota}$
space $Z$ complex manifold aimost complex structure 3 integrable.
$G$ approach LBerard Bergery-T.Ochiai [4]
twistor : pace real stru($:tur\epsilon_{\sim}\cdot$ anri-holoutorphic invo-
lution $\tau:Zarrow Z$
$\tau(p)=-p$ . for $p\in Z=S(\mathfrak{B})$
( $n=1$ [2]. $n\geq 2$ [14, 3]) $\cdot$ complex manifold $Z$
1) ( $C^{\infty}$ ) ($CP^{I}$ -fibration $\pi:Zarrow X$ fiber complex subrnanifold
normal bundle $\underline{(C^{\supset}\sim}t_{-}\backslash$ ) 0(1) \check t
2) free $’\backslash atlti$-holomorphic $i\iota\cdot\downarrow volutio\iota\iota\tau:Z\neg Z$ \sim fiber
$X$ quarternionic $ma\iota lifold$ $Z$ twistor space
quarternionic rmanifold
. $R\mathbb{P}^{-}|$ quaternionic manifold twistor space }$CP^{2r\iota+J}$
$projecti_{01^{-}1}(CP^{2n+1}arrow NP^{\gamma\ell}$ $\mathbb{C}^{2\prime\ell+2}$ $L$ $\mathbb{H}^{r\iota+J}$
$L$ $;c^{2\iota+}\sim^{2}$ $r‘+$
real structure $L$ $Lj=\{_{\sim^{>}}j\in(c^{\supset\gamma)+}\sim\sim^{)}’|z\in L\}$
twwistor $S^{4}$ instanton $E$
quarternionic $man\dot{\iota}foldX$ hermitian metric complex vector bundle
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-J
$E$ connecr.ion $A$ anti-self-dual connection $\Pi_{A}$
$R_{A}(I_{x^{C^{l}}}.\cdot, l_{x}w)=R_{A}(J_{x}v, J_{x}w)=R_{A}(K_{x}v, K_{x}’\iota v)=R_{A}(v, w)$ for $x\in X,$ $v,$ $\prime cv\in T_{X^{\backslash }}X$
$X$
$(r\iota=1\rho)$ [2], $7l\geq 2$ $[14, 3|$ ). vector bundle $E$ anti-self ,zal con-
nection $A$ projection $\pi$ twistor space holomorpliic structure
pull-backed connection ( $A$ ) associate exterior dif-
ferential operator $d_{A}$ $(0,p)$ Dolbeaux operator $\overline{\partial}_{4\wedge}$ :
$\Omega^{0,p}(\pi^{*}E)arrow\Omega^{0,p+1}(\pi E)$ $\overline{\partial}_{A}-\dot{C}^{\overline{1}_{A}}=0$ $\pi^{*}E$
holornorphic structure holomorphic vector bundle $\mathcal{F}$
1) $\mathcal{F}$ fiber trivial 2) ( $E$ herrrti-
tian metric ) $\tau\overline{\mathcal{F}}$ $\mathcal{F}^{\cdot}$ holomorphic isomorphism $\sigma$
$\sigma$
$\mathcal{F}$ fiber section vector space ( $E_{x}$ t )
positive definite hermitian inner product $Z$
holomorphic vector $b\dagger indle\mathcal{F}$ 1)) ) $X$ hermitian vector bundle
anti-self-dual connection
M.F.Atiyah-V.G.Drinfeld-N.J.Hitchin-Yu.I. $h- Ianil^{-}\downarrow[1]$ $S^{4}=*|P^{1}$
anti-self-dual connection $\mathbb{C}P^{3}$ $l\cdot\downarrow olonlorphi-$ ( vector $b_{111^{-}1}dle$
$\prime a$
Buchdahl [5] $\overline{\langle CP^{2}}$ (
) anti-self-dual connection
quarternionic K\"ahler manifold
(S.Salamon [14], L.Berard Bergery [3]) $\cdot$ $ltl$ $(n\geq 2 )$ quarternionic nlalli-
fold $X$ quarternionic Kahler manifold $I_{x)}J_{x)}I\iota_{x}’$ $1$)$ermltian$
Riemannian metric $g$ quarternionic manifold torsion $f$ree con-
nection $g$ $Le\backslash \prime i$-Civita connection 4 $0\iota\cdot ietlarrow$
ted RiemaniaIt manifold anti-seli-dual Weyl tensor Einstein
$l_{}^{}$ Riemannian metric $g$ Einstien sca-
lar curvature positive, zero, negative
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(Wolf space [15]). $\mathfrak{g}$ compact simple Lie algebra { Cartan subalgebra, $\alpha$
heighest root root $\beta$
$\mathfrak{g}_{\beta}=\{X\in \mathfrak{g}|[H, X]=2\pi i\beta(H)X$ for all $H\in$ $\{\}$




Lie subgroup $K$ $G/K$ quarternioni K\"ahler manifold of
positive scalar curvature non-compact dual quarternionic K\"ahler manifold
$oi$ negative scalar curvature
\S 2.
(Y.S.Poon-S.Salamon [13]). 8 compact quarternionic $I\acute{c}_{t}\ddot{a}hler$ manifold
positive scalar curvature Wolf space
Wolf space conmpact quarternionic K\"ahler manifold with
positive scalar curvature
(N.J.Hitchin [8]) $\cdot$ 4 quarternionic inanifold twistor space K\"ahler
metric $S^{4}$ $\overline{(CP^{2}}$
quarternionic K\"aher maniiold postive scalar curvature twistor space
K\"ahler( projective) Y.S Poon-S Salamon
technical ( full )Hitchin
Fano 3-fold
4 quarternionic manifold twistor space
1) $H^{\cdot}(Z;R)$ free $H^{\cdot}(X;R)$ -module generated by $c_{1}(T_{F})$ $c_{1}(T_{F})^{2}=(2\backslash ’+$
$3\acute{\tau})[X]\in H^{3}(X;1R)$ $T_{F}$ tangent bundle along fibers $\zeta$ $X$
Euler $T$ $X$ signature [X] $X$ fundamental class
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2) real structure $T$ cohomology $H^{*}(Z;]R)$ induce Inap $T$ $c_{1}(T_{F})$
$-1$ $H^{\cdot}(X;R)$
3) $Z$ canonical bundle $K$ $T_{F}^{C2}$ ( $T_{F}$ holomorphic vector bundle )
4) $c_{2}(Z)=(3\chi+3\tau)[X],$ $c_{\backslash ’},(Z)=4\iota c_{1}(T_{F})[X]$
5) $H^{0}(Z|K^{m})=0$ for $m>0$ . $Z$ ($I$
6) $Z$ non-zero holomorphic p-form $(p>0)$
$Z$ K\"ahler metric $\omega$ K\"abler form $\omega$ positive iorrn
$\tau\omega$ negative form cohomology class $[\omega]\in H^{2}(Z,\cdot]K)=Rc_{1}(T_{F})\oplus$
$H^{2}(X;K\backslash )$ $T$ -1 1 $[\omega]\in Lc_{1}(T_{F})$
$T_{F}$ real line $O(2)$ $’\tau_{F}=K^{-1/2}$ ample
$Z$ Fano 3-fold of index 2 or 4
$Z$ Hodge number $h^{p_{\tau}q}$ Betti $b_{1}$ 6) $b_{1}=h^{1,0}+1_{t^{0.1}}$
$=2h^{1,0}=0$ Riemann-Roch 6)
$c_{1}c_{2}/24= \sum(-1)^{p}h^{p,0}=h^{0,0}=1$
- 2) $c_{1}c_{2}/24=(\chi+\tau)/2$ $b_{1}=b_{1}(X)$ $b_{2}=b_{2}(X)+1$
$c_{1}^{3}=1(3(2_{\lambda}+3\tau)=16(5-\{)2)$ $1\leq b_{2}\leq 4$ Ishkovski
Fano 3-folds of index $\geq 2$ $b_{2}=1$ $Z=\backslash ’CP^{3}$ $b_{2}=2$
smooth divisior on ($CP^{2}x’CP^{2}$ of bidegree $(1, 1)$ $b_{2}=3,4$
$p$)$2=1$ $X=S^{4}$ $b_{2}=2$ $X=\overline{(CP^{2}}$
Hitchin
(F.Campana [6]). 4 compact quarternionic manifold $X$ twistor space
Class $C$ }f $X$ $\overline{\mathbb{C}P^{2}}$ $n$ connected sum $S^{4}$ homeo
Key $\pi_{1}(X)=1$ Hitchin $X$
intersection form negative definite $\pi_{1}(X)=1$
Donaldson Freedman
Campana sharp
(C.LeBrun $[9|$ ). $n\geq 1$ $\overline{\mathbb{C}P^{2}}$ $n$ connected surn twistor
space Moishezon quarternionic manifold
C.LeBrun Gibbons-Hawking ansatz hyperbolic monopole ver-
sion twistor space $n=2$ Y.S.Poon [12]
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twistor space C.LeBrun
Gibbons-Hawking ansatz hyperbolic monopole $vc$ r-
$si_{ol1}$
$U$ hyperbolic 3-space open subset [$T$ $S^{1}$ -bundle $P$ hyperbolic rllo-
nopole (A. $\Phi$ ) $A$ $P$ $con\sim\sim ecti_{o1\sim}$ $\Phi$ $P$ ad-
joint bundle section
$*R_{A}=d_{A}\Phi$





(C.LeBrun [9]). metric $g$ K\"ahler scalar curvature $0$
Weyl tensor anti-self-dual
[$T$ hyperbolic space $\Phi$ constant $\tau$ $A$ trivial connection
4 Euclidean metric LeBrull $U$ hyperbolic space
$\{p_{1}, p_{2}, . . . p_{n}\}$ $P$ $c_{1}$
$-1$ $\Phi$ Green function $G(p, q)$
$\Phi(p)=1+\sum_{i=1}^{\prime l}G(p;, q)$
$P$ connection $A$ $(A, \Phi)$ monopole
K\"ahler metric with zero scalar curvature
smooth completion $\mathbb{C}^{2}$ $7l$
blow-up K\"ahler metric metrlc $\overline{|\backslash f..\p^{2}}$
$n$ connected $\sigma;urrl$ quarterriionic rnanifold .i
$n\geq 4$ ($C^{2}$ $n$ blow-up
K\"ahler merric perturb $7l$ $arrow$)
Iil\"ahler metric with zero scalar $CUl\cdotatul\cdot e$ con-
formal compactification twistor space class $C$ ,
92
(F. Campana-C.LeBrun-Y.S.Poon, see [7]). Moishzeon 3-fold deforruation
neighbourhood class $C$
K\"ahler small deformation $K\ddot{a}$hler
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